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1. INTRODUCTION
Ž .In this paper, we complete the proof of the main result Theorem 1
w x w xstated in 5 . In 5 , we set up the machinery required to prove Theorem 1,
and dealt with the cases of alternating and sporadic groups. Also the
Ž .implications of Theorem 1 towards a partial solution of the k GV -prob-
lem were explained. In this paper, we complete the proof of Theorem 1 by
considering groups of Lie type.
THEOREM 1. Suppose p is a prime, G is a p9-group, and V is a faithful
n-dimensional F G-module such thatp
Ž .1 G has a quasi-simple normal subgroup H which is irreducible on V,
Ž .2 G has no regular orbit on the ¤ectors of V.
Then one of the following holds:
Ž .a H s A , c - p, and V is the deleted permutation module for H.c
Ž . Ž .b HrZ H , n, and p are as in Table I. In particular,
Ž .i p F 271 and n F 12;
Ž . Ž .ii p F 23 unless HrZ H is one of the following groups: A ,5
Ž . Ž . Ž . qŽ .U 2 , U 3 , Sp 2 , V 2 .4 4 6 8
Remark. We actually obtain more specific information than given in
Table I. In particular, we determine the possibilities for H and the
1 The work in this paper was completed while studying for a Ph.D. at Imperial College
under the supervision of Professor Martin Liebeck and was funded by the EPSRC.
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TABLE I
Possibilities for a Group with No Regular Orbit
Ž .HrZ H n p
A 2, 3, 4 p F 615
A 3, 4, 5, 6 p F 196
A 4 117
Ž .L 7 3, 6 5, 11, 232
Ž .L 4 6 11, 13, 173
Ž .U 3 6, 7 5, 113
Ž .U 2 4, 5, 6, 8, 10 p F 434
Ž .U 3 6 p F 1514
Ž .U 2 10, 11 7, 135
Ž .Sp 2 7, 8 p F 796
qŽ .V 2 8 p F 2718
J 6 11, 192
Suz 12 19
Ž .corresponding possibilities for n and p in conclusion b . The full list of
possibilities can be obtained from the tables in the relevant sections.
2. PRELIMINARIES
We prove Theorem 1 by an exhaustive case-by-case analysis of the
possibilities for H, using the classification theorem of finite simple groups.
Ž . Ž .Write L s HrZ H . For a finite simple group L, define R L to be thep
minimum degree of a non-trivial projective representation of any covering
group of L in characteristic p. Let h be a non-identity element of Aut L.
Ž .Then define r h to be the minimal number of L-conjugates of h required
² :to generate the subgroup L, h of Aut L. Let
r L s max r h : h g Aut L . 4Ž . Ž .
Ž < <. r ŽL.r R pŽL.We first make use of the inequality p F 3 Aut H to eliminate
all but a finite number of groups from our investigation. We examine the
remaining cases more closely using Theorem 2.8.
Ž .The following result of Guralnick and Saxl gives bounds for r L in the
cases where L is of Lie type.
w x.PROPOSITION 2.1 7 . Let L be a simple classical group with natural
module of dimension m, and let 1 / h g Aut L. Then the minimal number of
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² :L-conjugates of h required to generate L, h is at most m q 1 with the
Ž .exceptions listed in Table II. For exceptional groups of Lie type, r L F l q 3,
where l is the untwisted rank of L.
In Sections 4 and 5, we need to consider Weil representations of
Ž . Ž . Ž .symplective and unitary groups. Let m G 3. Provided m, s / 4, 2 , 4, 3 ,
Ž . Ž . mor 6, 2 , the group SU s has a complex representation of degree s ,m
Ž w x.called a Weil representation see 12, 17 , which can be decomposed into a
sum of s q 1 irreducible representations, which we shall call irreducible
Weil representations.
Ž .For m G 2 and s odd, the group Sp s has a Weil representation of2 m
degree sm, which decomposes into two irreducible representations.
w xIt is proved in 14 that the Weil representations of symplectic and
unitary groups are the non-trivial irreducible representations of minimal
degrees, and in each case the next smallest degree of an irreducible
representations is found. The following results give us formulae for the
character values of Weil representations.
w xPROPOSITION 2.2 8, Theorem 4.8 . Let s be an odd prime power. Then
Ž . Ž m .Sp s has irreducible Weil characters x and x of degrees s " 1 r2.2 m 1 2
< Ž . Ž . < 2 < Ž . < Ž .Furthermore, x g q x g s C g for all g g Sp s , where W is1 2 W 2 m
Ž .the natural module for Sp s of dimension 2m o¤er F .2 m s
w x Ž .PROPOSITION 2.3 4, Theorem 4.9.2 . For g g SU s , the Weil characterm
m Ž . Ž .mŽ .dim <C wŽ g .of degree s of SU s has ¤alues y1 ys , where W is the naturalm
Ž .m-dimensional module for SU s .m
w x Ž .PROPOSITION 2.4 15, Sect. 4 . Let m G 3. Then SU s has one irre-m
Ž m Ž .m. Ž .ducible Weil character j of degree s q s y1 r s q 1 and s irreducible0
Ž . Ž m Ž .m. Ž .Weil character j 1 F i F s of degrees s y y1 r s q 1 .i
w x U2PROPOSITION 2.5 15, Lemma 4.1 . Fix a generating element g of F ands
2p i rŽ s2y1 . Ž . mlet v s exp . For g g SU s , the irreducible Weil characters j ofm j
TABLE II
Classical Exceptions
Ž .L r L F Exceptions
Ž . Ž Ž ..L s 4 r L 9 F 52 2
Ž . Ž Ž ..L s 6 r L 2 F 74 4
Ž .U s 64
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Ž . m Ž . wŽ .m Ž .x s Ž1y s . jkSU s are gi¤ en by j g s y 1 r s q 1 Ý vm j ks 0
Ž .dim F K er Ž gyg
k Ž1ys..
sys .2
w xWe now recall some of the notation and results of 5, Sect. 3 . Suppose
Ž .that the hypotheses of Theorem 1 hold. Let k s End V , K sF Gp
Ž . < <End V , and t s K : k . Then V is an absolutely irreducible kG-mod-F Hp
Ž .ule and an irreducible but not necessarily absolutely irreducible kH-mod-
ule. The group GrH acts as k-automorphisms of K, and hence t divides
< < Ž . Ž .Out H . Since K*.G also satisfies hypotheses 1 and 2 , in the proof of
Theorem 1 we may assume that K* F G. Note that n s dim V and letk
< < < < tq s k , so K s q and p F q. Then we have
² :H F GL K , G F GL K . w F GL k ,Ž . Ž . Ž .n r t n r t n
Ž .where w is a field automorphism of order t. Also, let G* s G l GL K .n r t
w xThe following three results were described in detail in 5 .
w xPROPOSITION 2.6 11, Lemma 2 . For g g G y k*,
nŽ1y1r r Ž g ..C lg F 2 q .Ž .Ý V
lgk*
w x Ž . Ž .PROPOSITION 2.7 5, Prop. 3.2 . Pro¤ided r L - R L , w ha¤ep
Ž . Ž .r L rR Lp< <p F 3 Aut H .Ž .
w xRecall from 5 that we say an element g g G has quasi-prime order if,
Ž . d r Ž .for some prime r, o g s r and g g Z G .
w x < <THEOREM 2.8 5, Theorem 3.4 . For prime powers a di¤iding G , let hai
Ž .1 F i F u be representati¤es of the conjugacy classes C , . . . , C of quasi-1 u
prime order elements in H of order a. We denote the dimensions of the
Žeigenspaces of h o¤er K by r 1 F j F n , where n is the number ofai ai j ai ai
. Xeigenspaces of h on V . Let h be representati¤es of the H-conjugacy classesai ai
of elements hx , where h g H, x is as abo¤e, and hx is of quasi-prime orderk k k
of order a. We denote the dimensions of the eigenspaces of hX o¤er K by s .ai ai j
Let g be representati¤es of the conjugacy classes of elements of quasi-primeai
order in G y G* of order a. For each a, a s ad for some prime a and0 0
natural number d. We ha¤e
t1 q y 1
XG*H tr t s G r K * n r tai j ai j< < < < < < < <V F h q q h a q g ?q .Ž .Ý Ý Ýai ai aid dy1 q y 1a y a0 0a i , j i
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3. REGULAR ORBITS OF LINEAR GROUPS
In this section, we prove the following result:
Ž . Ž .THEOREM 3.1. Suppose that hypotheses 1 and 2 of Theorem 1 hold
Ž . Ž .and that L ( HrZ H ( L s . Then Table III lists the possibilities for H,m
n, and p.
Note that in the statement of Theorem 3.1 we are excluding several
w xcases, which were considered in 5, Sect. 5 . In particular, we have not
Ž . Ž . Ž .included the cases L ( L 4 ( L 5 ( A and L ( L 9 ( A . Also in2 2 5 2 6
Ž .our proof we need not consider the case L ( L 2 ( A .4 8
Ž .LEMMA 3.2. If L ( L s , then s is odd.2
Ž . w x Ž .Proof. Suppose L ( L s and s is even. For s G 16, by 13 , R L G2 p
Ž . Ž . Ž .s y 1 r 2, s y 1 and, by Proposition 2.1, r L F 4. Applying Proposition
2.7, we obtain a contradiction for s G 32.
Ž .Suppose s s 16. Observe from the character table of L 16 that, for2
each representation of dimension n, no elements of prime order of
Ž .Aut L 16 have eigenspaces of dimensions larger than n y 6. Therefore,2
6 < Ž . <by Theorem 2.8, q F 2 Aut L 16 , which implies that q - 6, a contradic-2
tion.
Suppose s s 8. The irreducible seven-dimensional character values on
Ž .prime order elements of Aut L 8 and the corresponding eigenspace2
dimensions are given in Table IV.
For x , by Theorem 2.8, we have2
1 1 17 4 3 3 3 2< < < < < < < <q F 2A q q q q 3A 2 q q q q 7ABC 7q q 3B q q 2 qŽ . Ž . Ž .2 2 2
s 63q4 q 63 q 56 q 42 q3 q 84q2 q 784q ,Ž .
which implies that q - 5, a contradiction.
For x , x , and x , we obtain a similar inequality, with no 3B contribu-3 4 5
1 3 2< <Ž .tion and a smaller 3A contribution, namely 3A q q 2 q . Hence we2
Ž .again have a contradiction. These three representations fuse on L 8 .3,2
TABLE III
Possibilities for a Linear Group with No Regular Orbit
H n p
Ž .L 7 3 11, 232
Ž .L 7 6 52
Ž .6.L 4 6 11, 13, 173
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TABLE IV
Ž .Eigenspaces of L 8 Elements on Seven-Dimensional Representations2
Conjugacy class 1A 2A 3A 7A 7B 7C 3B
Class size 1 63 56 72 72 72 84
x 7 y1 y2 0 0 0 12
7 7 7espace dims 7 4, 3 3, 3, 1 1 1 1 3, 2, 2
x 7 y1 1 0 0 0 y3
7 7 7espace dims 7 4, 3 3, 2, 2 1 1 1 }
and in the t s 3 case, we have
21 < 12q F L 8 .3 N 2 q ,Ž .2
which is a contradiction.
Ž .For the eight-dimensional representations of L 8 .3,2
q8 F 126q4 q 28 2 q3 q q2 q 216 q2 q 6q q 84 q5 q q3 ,Ž . Ž . Ž .
another contradiction.
Ž .For the nine-dimensional representations of L 8 ,2
q9 F 63 q5 q q4 q 168q3 q 216 2 q2 q 5qŽ . Ž .
Ž .is also a contradiction. These representations fuse on L 8 .3, and in the2
t s 3 case, we obtain another contradiction.
1Ž sy1.r2 qŽ . ŽFor an odd prime power s, let « s y1 . Define s s y1 qˆs 2
1y q y. Ž .« s and s s y1 y « s . We write s to stand for one of s and s .' 'ˆ ˆ ˆ ˆs s2
1 2q sy1 j 2p i r sNote that s s Ý v , where v s exp . Therefore s is the sum ofˆ ˆjs12
Ž .s y 1 r2 distinct powers of v.
Ž w x.LEMMA 3.3 Derived from 3, Theorem 38.1 . Let g be an element of
Ž .quasi-prime order in SL s , where s is an odd prime and let x be an2
Ž . Ž . Ž .irreducible character of H of degree s y 1 r2 or s q 1 r2. Then x g s "sˆ
Ž . Ž .if o g s s, andx g s 0 or "1 otherwise.
Ž .LEMMA 3.4. Suppose that L ( L s , where s is an odd prime greater than2
33. Then nrt G s y 1.
Ž .Proof. Suppose that L ( L s , where s G 37 is an odd prime, and that2
w x Ž . Ž .nrt - s y 1. By 3 , it follows that nrt s s y 1 r2 or s q 1 r2. We deal
with all cases simultaneously using Lemma 3.3. Let g g G* s G l
Ž . Ž . < Ž . <GL K . If o g / s, since x g F 1, no eigenspace of g has dimen-n r t
Ž . Ž . Ž . Žsion greater than s q 5 r4. If o g s s, then D g the set of eigenvalues
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. Ž . Ž .of g consists of s y 1 r2 or s q 1 r2 distinct roots of unity, and no
eigenspace of g has dimension greater than 1.
Suppose that t s 1. Then
Ž sy1.r2 Ž sq5.r4q F 2 Aut L s q .Ž .2
Hence
qŽ sy7.r4 F 2 s s2 y 1 - 2 s3 ,Ž .
which implies that q - s13rŽ sy7.. This gives q - 5 for all s G 37. This is a
< Ž . <contradiction as 2 and 3 divide L s .2
n < Ž . <Ž .Now suppose that ts2. In this case, we have q F2 Aut L s qq12
n r2 Žny4.r2 Ž 2 . Ž .q , which implies that q - 2 s s y 1 . Putting nrt s s y 1 r2
Ž sy5.r2 4 8rŽ sy5.gives q - s . Hence q - s - 3, another contradiction.
Ž .LEMMA 3.5. If L ( L s , then s - 37.2
Ž .Proof. Suppose that L ( L s and that s G 37 is odd. By Proposition2
Ž . w x Ž . Ž .2.1, r L F 4, and, by 13 , R L G s y 1 r2. Moreover, if s is prime,p
then, by Lemma 3.4, nrt G s y 1. Applying Proposition 2.7, we have
Ž . Ž .4 2yd r sy11, f2q F 6 fs s y 1 ,Ž .
where s s b f for some prime b. This leads to a contradiction in all cases.
Ž .LEMMA 3.6. Suppose that L ( L s , where 17 F s F 31. Then nrt F2
Ž .s q 1 r2.
Ž . w xProof. Suppose that nrt ) s q 1 r2. Observe from 2 that no quasi-
prime order element of Aut H has an eigenspace of dimension larger than
Ž . Ž sy3.r2yd 25, s < Ž . <n y s y 3 r2 y d . Hence q F 2.2. Aut L s , which in each25, s 2
case implies that q - 5, a contradiction.
Ž .LEMMA 3.7. If L ( L s , then s - 17.2
w xProof. First suppose that s s 29 or 31 and t s 1. From 2 , observe
that, in all cases, no non-central element has an eigenspace of dimension
7 < < Ž . <larger than n y 7. Hence q F Aut 2.L 31 , which implies that p - 5, a2
contradiction. The t s 2 cases easily follow.
In the remaining cases, for each possible representation in Table V, we
list the four largest eigenspace dimensions of quasi-prime order elements
of Aut H, which we label d ) d ) d ) d and also the classes of1 2 3 4
elements having eigenspaces of the four largest dimensions. In cases where
less information than this is needed, we have left portions of the table
DOMINIC P. M. GOODWIN440
TABLE V
Eigenspaces of Some Elements in Minimal Representations of Sporadic Groups
H n d class d class d class d class1 1 2 2 3 3 4 4
Ž .L 27 13 7 2A 6 2A, 3AB 52
2Ž .2.L 27 14 7 2A 62 0
Ž .L 25 13 8 2C 72
Ž .2.L 25 14 62
Ž .L 23 11 6 2A 5 2A 42
2Ž .2.L 23 12 6 2A 42 0
Ž .L 19 9 5 2 A 4 2 A 32
Ž .2.L 19 10 52
Ž .L 17 9 5 2 A 4 2 A 3 3 A 12
2 2Ž .2.L 17 8 4 2 A 3 3 A 2 3 A 1 17A B2 0 0 0 0 0
blank. A superscript 2 above a class name class indicates that the class ini
question has two eigenspaces of dimension d .i
Ž .For the 13-dimensional representations of L 27 , Theorem 2.8 gives2
13 7 6 6 5< < < <q F 2A q q q q 3AB q q 3. Aut L 27 qŽ .Ž . 2
s 351q7 q 351 q 728 q6 q 176,904q5,Ž .
hence q - 5, a contradiction.
The remaining cases follow similarly.
Ž .LEMMA 3.8. L (u L 13 .2
Ž .Proof. Suppose that L ( L 13 . First assume that t s 1. Provided2
n / 7, 12, or 6, none of the prime order elements of Aut H has eigenspaces
of dimension larger than n y 6. Therefore, in these cases, q6 F
< Ž . <2.2 L 13 .2, which implies that p - 5, a contradiction.2
For n s 7, we have
1 1 17 4 3 3 2< < < < < < < <q F 2A q q q q 3A q q 2 q q 7ABC 7q q 13 AB 7qŽ . Ž .2 2 2
s 91q4 q 182 q3 q 182 q2 q 2226q ,
which implies that q - 7. Hence, in this case, the only possibility is p s 5.
'However, 13 is involved in the irreducible seven-dimensional complex
'Ž . w xrepresentations of L 13 and F 13 / F , and hence p / 5.2 5 5
Ž .For n s 12 in the cases x , x , x , we have4 5 6
12 < < 7 5 6q F 2 B q q q q 1092.2 q ,Ž .
which gives q - 5.
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Ž .For the six-dimensional representations of 2.L 13 , we have2
6 < < 3 < < 2 < < < <2 q F 2A 2 q q 3A 3q q 7A B C 6q q 13A B 6q0 0 0 0 0 0 0
s 182 q3 q 546q2 q 3816q ,
which implies that q - 7. This leaves the possibility that p s 5. Since
Ž . Ž .2.L 13 g L 5 , p / 5.2 6
14 < Ž . < 8In the case t s 2 and n s 14, we have q F 2 2.L 13 .2 q , which gives2
q - 5. For t s 2 and n s 12, we have
12 6 4 6< <2 q F 364q q 2.L 13 q q 2B q q q 1 ,Ž . Ž .2 0
which also gives q - 5.
Ž .LEMMA 3.9. L (u L 11 .2
Ž .Proof. Suppose that L ( L 11 and first assume that t s 1. Except for2
Ž .the 5- and 10-dimensional representations of L 11 and the 6-dimensional2
Ž .representations of 2.L 11 , none of the elements of quasi-prime order2
has eigenspaces of dimensions larger than n y 5, which gives q5 F
< Ž . <2.2. L 11 .2, and hence q - 6, a contradiction.2
Ž .For the five-dimensional representation of L 11 , we have2
1 1 15 3 2 2< < < < < < < <q F 2A q q q q 3A 2 q q q q 5AB 5q q 11AB 5qŽ . Ž .2 2 2
s 55q3 q 165q2 q 1015q ,
which implies that q - 13, and the only possibility is p s 7. By Lagrange’s
Ž . Ž .theorem, L 11 g L 7 , and hence p / 7.2 5
For the 10-dimensional representations x and x , we have4 5
10 6 5 4< < < <q F 2A q q 2B 2 q q L 11 .2 3qŽ .2
s 55q6 q 66q5 q 3960q4 ,
which gives q - 7, a contradiction. In the cases of the six-dimensional
Ž .representations of 2.L 11 , we have2
6 < < 3 < < 2 < < 2 < <2 q F 2A 2 q q 3A 3q q 5A B q q 4q q 11A B 6qŽ .0 0 0 0 0 0
s 110q3 q 594q2 q 1776q ,
which gives q - 7, a contradiction.
Now suppose t s 2. The five-dimensional representations fuse on
Ž .L 11 .2, and we obtain the same inequality as for the 10-dimensional2
representations x and x . We similarly obtain a contradiction in the case4 5
of the six-dimensional representations.
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Ž .LEMMA 3.10. If L ( L 7 , then either n s 6 and p s 5 or n s 3 and2
p s 11 or 23.
Ž .Proof. Suppose that L ( L 7 . For the three-dimensional representa-2
Ž .tions of L 7 , we have2
1 13 2< < < < < <q F 2A q q q q 3A 3q q 7AB 3qŽ . 2 2
s 21q2 q 177q ,
which implies that p - 29. By Lagrange’s theorem p / 5, 17, or 19.
w xObserve from 2 that the irreducible three-dimensional complex represen-
'Ž .tations of L 7 involve y 7 , and hence p / 13. Therefore p s 11 or 23.2
Ž .These representations fuse on L 7 .2, and we obtain2
1 16 4 2 2 3< < < < < < < <q F 2A q q q q 3A 3q q 7AB 6q q 2B q q q 1Ž .Ž . 2 2
s 21q4 q 105q2 q 144q q 28 q4 q q3 ,Ž .
which implies that q - 11, which is a contradiction as p / 5, since
Ž . Ž .L 7 g L 5 .2 3
Ž .For the six-dimensional representations of L 7 .2,2
1 16 4 2 2 3< < < < < < < <q F 2A q q q q 3A 3q q 7AB 6q q 2 B 2 qŽ . 2 2
s 21q4 q 56q3 q 105q2 q 144q ,
which gives q - 11, and hence p s 5.
Ž .For the seven-dimensional representations of L 7 .2,2
q7 F 21 q4 q q3 q 28 q3 q 2 q2 q 168q q 28 q4 q q3 ,Ž . Ž . Ž .
which implies that q - 5, a contradiction.
Ž .For the eight-dimensional representations of L 7 .2,2
q8 F 42 q4 q 28 2 q3 q q2 q 24 q2 q 6q q 28 q5 q q3 ,Ž . Ž . Ž .
which gives another contradiction.
< Ž . <Now suppose Z H s 2. For the four-dimensional representations of
Ž .2.L 7 , we have2
4 < < 2 < < 2 < <2 q F 2A 2 q q 3A q q 2 q q 7A B 4qŽ .0 0 0 0
s 84 q 56 q2 q 112 q 192 q ,Ž . Ž .
which gives q - 11. Hence the only possibility is that p s 5, which cannot
occur by Lagrange’s theorem.
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Ž .These representations fuse on 2.L 7 .2, and we obtain2
2 q8 F 84q4 q 56 q4 q 2 q2 q 48 q2 q 6q q 56q4 q q 1Ž .Ž . Ž .
s 56q5 q 196q4 q 160q2 q 288q ,
which gives q - 5, a contradiction.
Ž .For the six-dimensional representations of 2.L 7 .2, we have2
2 q6 F 196q3 q 168q2 q 288q ,
which again is a contradiction.
Ž .For the eight-dimensional representations of 2.L 7 .2,2
2 q8 F 196q4 q 56 2 q3 q q2 q 48 q2 q 6q ,Ž . Ž .
also a contradiction.
Ž .We now consider the cases L ( L s with m G 3.m
Ž .LEMMA 3.11. If L ( L s , then s - 5.3
Ž .Proof. Suppose that L ( L s and s ) 4. Then, by Proposition 2.13
w x Ž . Ž . Ž 3 . Ž .and 13 , r L F 4 and R L G s y 1 r s y 1 y 3. Applying Proposi-p
tion 2.7 gives a contradiction unless s s 5 and nrt s 30. For the 30-di-
Ž .mensional representations of L 5 .2, the largest dimension of any3
eigenspace of a prime order element is 18. Therefore we have q12 F
< Ž . <2. L 5 .2 , which implies that q - 4.3
Ž .LEMMA 3.12. L (u L 3 .3
Ž .Proof. Suppose that L ( L 3 . Provided nrt / 12 or 13, no prime3
Ž .order element of Aut L 3 has an eigenspace of dimension greater than3
8 < Ž . <n y 8. Hence q F 2. L 3 .2, which implies that q - 4, a contradiction.3
For n s 12,
12 < < 8 4 < < 6 3 < < 4q F 2A q q q q 3A q q 2 q q 3B 3qŽ . Ž .
< < < < 6q 13ABCD 12 q q 2 B 2 q
s 117q8 q 572 q6 q 1989q4 q 208q3 q 20,736q ,
which implies that q - 5, another contradiction.
For n s 13,
13 < < 8 5 < < 7 3 < < 5 4q F 2A q q q q 3A q q 2 q q 3B q q 2 qŽ . Ž . Ž .
< < < < 7 6q 13ABCD 13q q 2B q q q ,Ž .
which is also not possible.
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Ž .LEMMA 3.13. If L ( L 4 , then n s 6 and p s 11, 13, or 17.3
Ž .Proof. Suppose that L ( L 4 . For nrt G 30, we obtain3
4r30
p F 3.48. L 4 .12 ,Ž .Ž .3
which gives p - 11, a contradiction.
Ž .In the 20-dimensional representations of Aut L 4 , no element of prime3
order has an eigenspace of dimension larger than 13. Therefore q7 F
< Ž . <2. L 4 .12, which gives q - 7, a contradiction. Similarly, we obtain contra-3
Ž .dictions in the cases of the 20-dimensional representations of 4 .L 4 .2 ,2 3 2
Ž .the 15-dimensional representations of 3.L 4 .2 , and the 21-dimensional3 1
Ž . Ž .representations of 3.L 4 .2 and 3.L 4 .3.3 1 3
Ž .For the 10-dimensional representations of 2.L 4 , we have3
1 110 6 4 4 3 2< < < < < <2 q F 2A q q q q 3A q q 2 q q 5A B 5qŽ . Ž .01 0 0 02 2
1 2 7 3< < < <q 7A B 3q q 4q q 2C q q qŽ . Ž .0 0 012
s 630 q6 q q4 q 1120 q4 q 2 q3 q 20,160q2Ž . Ž .
q 2880 3q2 q 4q q 240 q7 q q3 ,Ž . Ž .
which implies that q - 11, a contradiction.
Ž . Ž .The 10-dimensional representation fuse on 2.L 4 .2 and 2.L 4 .2 .3 1 3 3
In the corresponding t s 2 cases, we have
q20 F 630 q12 q q8 q 1120 q8 q 2 q6 q 20,160q4 q 2880 6q3 q q2Ž . Ž . Ž .
q 240 q14 q q6 q 672 q10 q q 1 ,Ž .Ž .
another contradiction.
Ž .Next consider the eight-dimensional representations of 4 .L 4 .2 . We1 3 3
have
8 < < 4 < < 4 < < 3 2 < < 22 q F 2A 2 q q 2A q q 3A 2 q q q q 5A B 3q q 2 qŽ . Ž .0 1 0 0 0
< < 2 < < 5 3q 7A B q q 6q q 2D q q qŽ . Ž .0 0 0123
s 2520q4 q 2240 2 q3 q q2 q 8064 3q2 q 2 q q 5760 q2 q 6qŽ . Ž . Ž .
q 1344 q5 q q3 ,Ž .
which implies that q - 11, a contradiction.
Each of the eight-dimensional characters fuses with the character whose
Ž . Ž . Žproxy is conjugate to it on 4 .L 4 .2 and 4 .L 4 .2 . The proxy of each1 3 1 1 3 2
of these characters is the character obtained by applying complex conjuga-
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.tion. We obtain
2 q16 F 2520q8 q 2240 2 q6 q q4 q 8064 q4 q 4q3 q 5760 q4 q 6q2Ž . Ž . Ž .
q 1344 q10 q q6 q 1120q8 q q 1 ,Ž .Ž .
which implies that q - 11, a contradiction.
Ž .For the six-dimensional representations of 6.L 4 .2 , we obtain3 1
1 16 4 2 2 2< < < < < <q F 2A q q q q 3A 3q q 5A B q q 4qŽ . Ž .0 0 0 06 2
1 1 2< < < <q 7A B 6q q 2B 3q0 0 02 2
s 315 q4 q q2 q 3360q2 q 4032 q2 q 4q q 17,280q q 840q2 ,Ž . Ž .
which implies that q - 19, and hence p s 11, 13, or 17.
Ž . Ž .These representations fuse on 6.L 4 .2 and 6.L 4 .2 . We have3 2 3 3
q12 F 315 q8 q q4 q 3360q4 q 4032 q4 q 4q2 q 17,280q2Ž . Ž .
q 840q4 q 2016q6 q q 1 ,Ž .
which implies that q - 11
Ž .For the 24-dimensional representations of 12 .L 4 and the 36-dimen-1 3
Ž .sional representations of 12 .L 4 , none of the elements we are consider-2 3
12 < Ž . <ing has eigenspaces of dimension greater than nr2. Hence q F 12. L 4 ,3
which is a contradiction. The t s 2 cases follow similarly.
Ž .LEMMA 3.14. L (u L s with m G 4.m
Ž .Proof. Suppose that L ( L s with m G 4. We showed that L (m
Ž . w x w x Ž .A ( L 2 is not possible in 5 . By Proposition 2.1 and 13 , r L F m q 28 4
Ž . Ž m . Ž .and R L G s y 1 r s y 1 y m. Applying Proposition 2.7 gives ap
Ž .contradiction unless L ( L 3 and nrt F 52 or L is isomorphic to either4
Ž . Ž . Ž w xL 2 or L 2 with nrt minimal. By 14 , the second smallest dimension5 6
Ž . .of an irreducible complex representation of L 2 is 217.6
Ž .Suppose that L ( L 3 and nrt F 52. In the cases other than n s 26,4
no eigenspace of a quasi-prime order element of Aut H has dimension
13 < Ž . <greater than n y 13. Hence q F 2. L 3 .8, which gives q - 5.4
Ž .For the 26-dimensional representations of L 3 .2 , we have4 2
26 20 16< <q F 2D q q L 3 .2 2 q ,Ž .4
which implies that q - 7, again a contradiction.
Ž .Next suppose that L ( L 2 . In the 30-dimensional representations of5
Ž .L 2 .2, the largest eigenspace of a prime order element is 22. This gives5
8 < Ž . <q F 2. L 2 .2 , which implies that p - 9, a contradiction.5
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Ž .Finally, suppose that L ( L 2 . We know that n s 62 and V is the6
permutation representation on 1-spaces. The dimension of the subspace of
Ž .V fixed by an element of L 2 .2 is a power of 2. Hence no prime order6
Ž .element of L 2 .2 has an eigenspace of dimension greater than 32.6
62 32< Ž . <Therefore q F 2 L 2 .2 q , which is a contradiction.6
4. REGULAR ORBITS OF UNITARY GROUPS
In this section, we prove the following result:
Ž . Ž .THEOREM 4.1. Suppose that hypotheses 1 and 2 of Theorem 1 hold
Ž .and that L ( U s . Then the possibilities for H and corresponding ¤alues of pm
and n are listed in Table VI.
Ž .LEMMA 4.2. If L ( U s , then L and nrt are as in Table VII.m
Ž . Ž .Proof. Suppose that L ( U s . Proposition 2.1 gives bounds for r L ,m
Ž . w xand bounds for R L are given in 13 . Lists of the minimal degrees ofp
w xirreducible complex representations of L are given in 14 . Application of
Proposition 2.7 eliminates the possibilities not contained in Table VII.
Ž .LEMMA 4.3. If L ( U s , then s s 3.3
Ž .Proof. Suppose that L ( U s and s / 3. By Lemma 4.2, s F 7, and3
Ž .the characters of U s are contained i the Atlas.3
First suppose that s s 7. In the representations of degree at most 43, no
 Ž .prime order element of Aut U 7 has an eigenspace of dimension greater3
18 < Ž . <than n y 18. Hence we obtain q F 2. U 7 .2, which implies that q - 3.3
TABLE VI
Possibilities for a Unitary Group with No Regular Orbit
H n p
Ž .U 3 6 5, 113
Ž .U 3 7 53
Ž .U 2 5 7, 13, 19, 31, 37, 434
Ž .U 2 6 p F 434
Ž .U 2 10 74
Ž .2.U 2 4 7, 13, 19, 31, 37, 434
Ž .2.U 2 8 74
Ž .6 .U 3 6 p F 1511 4
Ž .U 2 10 7, 135
Ž .U 2 11 75
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TABLE VII
Reduces List of Possibilities for a Unitary Group
with No Regular Orbit
L nrt
Ž .U 3 6, 7, 14, 213
Ž .U 4 12, 133
Ž .U 5 20, 213
Ž .U 7 42, 433
Ž .U 2 nrt F 304
Ž .U 3 nrt F 454
Ž .U 4 51, 524
Ž .U 2 10, 11, 44, 555
Ž .U 3 60, 615
Ž .U 2 21, 22, 566
Ž .U 2 42, 437
Ž .U 2 85, 868
Ž .U 2 170, 1719
Next suppose s s 5. In the representations of degree at most 21, no
element of Aut H of quasi-prime order has an eigenspace of dimension
8 < Ž . <greater than n y 8. Hence we obtain q F 2.3. U 5 .6, which implies that3
q - 7.
Finally, suppose that s s 4. For the 12-dimensional representations of
Ž .U 4 .2, we have3
12 < < 8 4 < < 4 < < 4 < < 4 2q F 2A q q q q 3A 3q q 5ABCD 3q q 5EF q q 4qŽ . Ž .
< < < < 6q 13ABCD 12 q q 2B 2 q
s 195 q8 q q4 q 12,480q3 q 2496q4 q 4992 q4 q 4q2Ž . Ž .
q 230,400q q 2080q6 ,
which implies that q - 7, a contradiction.
Ž .For the 13-dimensional representations of U 4 .3
q13 F 195 q8 q q5 q 4160 q5 q 2 q4 q 832 q4 q 3q3Ž . Ž . Ž .
q 4992 3q3 q 2 q2 q 249,600q ,Ž .
which implies that q - 7, another contradiction.
Ž .On U 4 .2, these representations fuse to produce 26-dimensional repre-3
26 16< Ž . <sentations, and we have q F 2. U 4 .2 q , another contradiction.3
Ž .LEMMA 4.4. If L ( U 3 , then either n s 6 and p s 5 or 11 or n s 73
and p s 5.
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Ž . ŽProof. Suppose L ( U 3 . Provided x / x , x , x , or x using the3 2 3 4 5
. Ž .Atlas notation for characters , no prime order element of Aut U 3 has an3
8 < Ž . <eigenspace of dimension greater than n y 8, which gives us q F 2. U 3 .2,3
and hence q - 4, a contradiction.
For x , we have2
1 1 16 4 2 3 2 3< < < < < < < < < <q F 2A q q q q 3A 2 q q 3B 3q q 7AB 6q q 2B 2 qŽ . 2 2 2
s 63 q4 q q2 q 56q3 q 1008q2 q 5184q q 504q3 ,Ž .
which implies that q - 12, and hence p s 5 or 11.
For x , we have3
q7 F 63 q4 q q3 q 28 2 q3 q q q 336 q3 q 2 q2Ž . Ž . Ž .
q 6048q q 252 q4 q q3 ,Ž .
which implies that q - 8, and hence p s 5.
For x and x , we have4 5
q7 F 63 q5 q q2 q 28 2 q3 q q q 336 q3 q 2 q2 q 6048q ,Ž . Ž . Ž .
which implies that q - 9, and hence p s 5.
The characters x and x fuse to give a single 14-dimensional irre-4 5
Ž .ducible character of U 3 .2, and we have3
q14 F 63 q10 q q4 q 28 2 q6 q q2 q 336 q6 q 2 q4Ž . Ž . Ž .
q 6048q2 q 252 q7 q q 1 ,Ž .
which implies that q - 4, a contradiction.
Ž .LEMMA 4.5. If L ( U 3 , then n s 6 and p F 151.4
Ž .Proof. Suppose that L ( U 3 . By Lemma 4.2, nrt F 45. We apply4
Ž .Theorem 2.8, making use of the character table of U 3 in the Atlas.4
Ž .For the 21-dimensional representations of Aut U 3 , we have4
21 15 14 13 11< < < < < <q F 2D q q 2B q q 2A q q 2. U 3 .8qŽ .4
s 126q15 q 540q14 q 2835q13 q 52,254,720q11 ,
which implies that q - 7, a contradiction.
Ž .Ž .For the 35-dimensional representations of U 3 .2 , x s 1 or 2, no4 x
prime order element has an eigenspace of dimension greater than n y 10.
10 < Ž .Therefore q F 2. U 3 .8, which implies that q - 6, a contradiction. These4
Ž .representations fuse on U 3 .2 , and here we obtain a contradiction4 3
similarly.
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Ž . 20 14For the 20-dimensional representations of 2.U 3 , q F 540q q4
< Ž . < 122.2. U 3 .8q , which implies that q - 11, another contradiction.4
Ž . 20 13For the 20-dimensional representations of 4.U 3 .2 , q F 1080q q4 1
< Ž . < 102.4. U 3 .2 q also gives us a contradiction.4
Ž . Ž .These representations fuse on 4.U 3 .2 and 4.U 3 .2 , and again we4 2 4 3
40 < Ž . < 26obtain a contradiction from q F 2.4. U 3 .8q .4
Ž .For the 15-dimensional representations of 3 .U 3 .2 ,1 4 2
115 8 7 9 3< < < <q F 2A q q q q 3A q q 2 qŽ . Ž .0 02
1 17 4 3< < < <q 3B q q 2 q q 5A 5qŽ .0 02 2
1 3 2 10 5 9 6< < < < < <q 7A B q q 6q q 2D q q q q 2E q q qŽ . Ž . Ž .0 0 0 02
s 2835 q8 q q7 q 280 q9 q 2 q3 q 1680 q7 q 2 q4 q 1,632,960q3Ž . Ž . Ž .
q466,560 q3 q 6q2 s 126 q10 q q5 q 5670 q9 q q6 ,Ž . Ž . Ž .
which implies that q - 7, a contradiction.
Ž . 30 < Ž . < 20These representations fuse on 3 .U 3 .2 , and q F 2. U 3 .12 q gives1 4 1 4
another contradiction.
Ž . 21 16For the 21-dimensional representations of 3 .U 3 , q F 126q q1 4
< Ž . < 13 Ž .2. U 3 .6q gives a contradiction. These representation fuse on 3 .U 3 .2 ,4 1 4 1
and as in the previous case we easily obtain another contradiction.
Ž .For the six-dimensional representations of 6 .U 3 .2 , we obtain1 4 2
1 1 16 4 2 2 4 3< < < < < < <q F 2A q q q q 3A 3q q 3B q q 2 q q 3C D 2 qŽ . Ž .0 0 0 0 02 2 6
1 12 5 2< < < < < < < <q 5A q q 4q q 7A B 6q q 2D q q q q 2E 3qŽ . Ž .0 0 0 0 02 2
s 2835 q4 q q2 q 840q2 q 1680 q4 q 2 qŽ . Ž .
q 43,680q3 q 326,592 q2 q 4qŽ .
q 2,799,360q q 126 q5 q q q 17,010q2 ,Ž .
which implies that q - 157, and hence p F 151.
w xObserve from 2 that the complex irreducible six-dimensional represen-
'Ž .tations of 6 .U 3 involve y 3 . Hence p is congruent to 1 modulo 6.1 4
Ž .Thus the possibilities for p when H ( 6 .U 3 , n s 6, and t s 1 are: 13,1 4
19, 31, 37, 43, 61, 67, 73, 79, 97, 103, 109, 127, 139, and 151.
Ž .These representations fuse on 6 .U 3 .2 , and we have1 4 1
q12 F 2835 q8 q q4 q 840q4 q 1680 q8 q 2 q2Ž . Ž .
q 43,680q6 q 326,592 q4 q 4q2Ž .
q 2,799,360q2 q 126 q10 q q2 q 17,010q4 q 5076q6 q q 1 ,Ž .Ž .
DOMINIC P. M. GOODWIN450
which implies that q - 13. Hence the only possibility is that p s 11. By
w x Ž . Ž .2 , 6 .U 3 does not embed in L 11 , and hence p / 11.1 4 6
Ž .Ž .For the 36- and 45-dimensional representations of 3 .U 3 .2 , none of2 4 3
the elements we are considering has eigenspaces of dimension greater
15 < Ž . <than n y 15. Hence q F 2. U 3 .6, which gives us a contradiction.4
Ž .For the 36-dimensional representations of 12 .U 3 , none of the ele-2 4
ments we are considering has eigenspaces of dimension greater than 18,
and this case follows as above.
Ž .LEMMA 4.6. If L ( U 2 , the p F 43. More specifically, the possibilities4
for p and n are as gi¤en in Table VI.
Ž .Proof. Suppose that L ( U 2 . For the five-dimensional representa-4
Ž .tions of U 2 , we have4
15 4 3 2 3 2< < < < < <q F 2A q q q q 2B q q q q 3AB q q qŽ . Ž . Ž .2
1 1 12 3< < < < < <q 3C 2 q q q q 3D q q 2 q q 5 A 5qŽ . Ž .2 2 2
s 45 q4 q q q 270 q3 q q2 q 40 q3 q q2Ž . Ž . Ž .
q 120 2 q2 q q q 240 q3 q 2 q q 12,960q ,Ž . Ž .
w xwhich implies that q - 56, and hence p F 53. Observe from 2 that the
Ž .irreducible five-dimensional complex representations of U 2 involve4'y 3 . Hence p is congruent to 1 modulo 6 and the only possibilities for p
are those given in Table VI.
Ž .These representations fuse on U 2 .2, and we have4
q10 F 45 q8 q q2 q 270 q6 q q4 q 40 q4 q 2 q3 q 120 2 q4 q q2Ž . Ž . Ž . Ž .
q 240 q6 q 2 q2 q 12,960q2 q 576q5 q q 1 ,Ž .Ž .
which implies that q - 8, and hence p s 7.
Ž .For the six-dimensional representations of U 2 .2, we have4
q6 F 45 q4 q q2 q 270 q4 q q2 q 120q2 q 120 q4 q 2 qŽ . Ž . Ž .
q 720q2 q 2592 q2 q 4q q 36 q5 q q q 1080q3 ,Ž . Ž .
which implies that q - 47, and hence p F 43.
Ž .For the 10-dimensional representations of U 2 , we have4
q10 F 315 q6 q q4 q 40 q6 q q3 q q q 360 q4 q 2 q3 q 12,960q2 ,Ž . Ž . Ž .
which implies that q - 7, a contradiction. These representations fuse on
Ž . 20 < Ž . < 12U 2 .2, and q F 2. U 2 .2 q is another contradiction.4 4
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For x , we have7
q15 F 315 q8 q q7 q 40 q9 q 2 q3 q 120 q7 q 2 q4 q 1200q3Ž . Ž . Ž .
q 12,960q3 q 36 q10 q q5 ,Ž .
again giving q - 7.
For x , we have8
q15 F 45 q11 q q4 q 270 q9 q q6 q 40 2 q6 q q3 q 360q5Ž . Ž . Ž .
q 240 q7 q 2 q4 q 12,960q3 q 36 q10 q q5 ,Ž . Ž .
which also implies that q - 7.
20 15 < Ž . < 12For x , q F 36q q 2. U 2 .2 q is another contradiction.9 4
Ž .Ž .In the remaining 24- and 30-dimensional representations of U 2 .2 ,4
none of the elements under consideration has eigenspaces of dimension
8 < Ž . <greater than n y 8. Hence q F 2. U 2 .2, a contradiction.4
Ž .For the four-dimensional representations of 2.U 2 , we have4
1 1 14 2 2 3< < < < < <q F 2A 2 q q 2B 2 q q 3A B q q qŽ .0 0 0 02 2 2
1 1 12 2< < < < < <q 3C 2 q q 3D q q 2 q q 5A 4qŽ .0 0 02 2 4
s 90q2 q 540q2 q 40 q3 q q q 240q2 q 240 q2 q 2 q q 5184q ,Ž . Ž .
which implies that q - 61, hence p F 59. The four-dimensional irre-
'Ž .ducible complex representations of 2.U 2 involve y 3 . Hence p is4
congruent to 1 modulo 6 and the only possibilities for p are those given in
Table VI.
Ž .These representations fuse on 2.U 2 .2, and we obtain4
q8 F 90q4 q 540q4 q 40 q6 q q2 q 240q4 q 240 q4 q 2 q2Ž . Ž .
q 10,368q2 q 576q4 q q 1 ,Ž .
which implies that q - 11, and hence p s 7.
Ž .LEMMA 4.7. If L ( U 2 , then n s 10 or 11 and p s 7 or 13.5
Ž .Proof. Suppose that L ( U 2 . For the 10-dimensional representations5
Ž .of U 2 .2, we have5
1 110 8 2 6 4 5 4 3< < < < < < < <q F 2A q q q q 2B q q q q 3AB 2 q q 3CD q q 2 qŽ . Ž . Ž .2 2
1 1 16 2 4 2 2< < < < < <q 3E q q 2 q q 3F 2 q q q q 5A 5qŽ . Ž .2 2 2
1 5< < < <q 11AB 10q q 2C 2 q2
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s 165 q8 q q2 q 2970 q6 q q4 q 352 q5Ž . Ž .
q 3520 q4 q 2 q3 q 3520 q6 q 2 q2Ž . Ž .
q 21,120 2 q4 q q2 q 2,280,960q2 q 12,441,600q q 38,016q5,Ž .
which implies that q - 15 and the only possibilities for p are 7 and 13.
Ž .For the 11-dimensional representations of U 2 ,5
q11 F 165 q8 q q3 q 2970 q7 q q4Ž . Ž .
q 176 q6 q q5 q 3520 q6 q q3 q q2Ž . Ž .
q 24,640 q5 q 2 q3 q 456,192 q3 q 4q2 q 13,685,760q ,Ž . Ž .
which implies that q - 9, and hence p s 7.
Ž . 22 16 14These representations fuse on U 2 .2, giving q F 165q q 2970q q5
< Ž . < 122 U 2 .2 q , which implies that q - 7, a contradiction.5
On the 44- and 55-dimensional representations, no prime order element
Ž .of U 2 .2 has an eigenspace of dimension larger than n y 16. Hence5
16 < Ž . <q F 2. U 2 .2, which implies that q - 4, a contradiction.5
Ž .LEMMA 48. L (u U 2 .6
Ž .Proof. Suppose that L ( U 2 . On the 56-dimensional representation6
Ž .of 2.U 2 .2, the largest dimension of an eigenspace of a prime order6
16 < Ž . <element is 40. Thus we have q F 2. 2.U 2 .2 , another contradiction.6
Ž .For the 22-dimensional representations of Aut U 2 , we have6
22 < < 16 6 < < 14 8 < < 12 10q F 2A q q q q 2B q q q q 2C q q qŽ . Ž . Ž .
1 10 6< <q 3A q q 2 qŽ .2
1 1 19 4 10 6 6 4< < < < < <q 3B 2 q q q q 3C q q 2 q q 5 A q q 4qŽ . Ž . Ž .2 2 2
1 14 3 2 15 7 11< < < < < < < <q 7A q q 6q q 11AB 11q q 2D q q q q 2E 2 qŽ . Ž .2 2
1 1 111 12 5 8 6< < < < < <q 3D 2 q q 3E q q 2 q q 3F 2 q q qŽ . Ž .2 2 2
1 8 7< <q 3G q q 2 qŽ .2
s 693 q16 q q6 q 62,370 q14 q q8 q 249,480 q12 q q10Ž . Ž . Ž .
q 59,136 q10 q 2 q6Ž .
q 98,560 2 q9 q q4 q 2,365,440 q10 q 2 q6Ž . Ž .
q 153,280,512 q6 q 4q4Ž .
q 656,916,480 q4 q 6q3 q 9,196,830,720q2Ž .
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q 6336 q15 q q7 q 798,336q11Ž .
q 672 q11 q 29,568 q12 q 2 q5Ž .
q 1,182,720 2 q8 q q6 q 3,041,280 q8 q 2 q7 ,Ž . Ž .
which implies that q - 5, a contradiction.
Ž .Elements in the class 3G in U 2 lift to a class 3G of order 9 elements6 0
Ž .in 3.U 2 .3. These elements cube to scalars, so we must count their6
contribution in the inequality of Theorem 2.8. In the 21-dimensional
Ž . Ž .representations of 3.U 2 .3, the set of eigenvalues of 3G , D 3G , consists6 0 0
Ž Ž . 2of primitive ninth roots of unity. Since x z s 21v or 21v for a central
Ž .element z, either the elements of D 3G must all cube to v or they must0
2 . 2p i r9 4 7 2all cube to v . Let u s exp . Then u, u , and u cube to v and u ,
u5, and u8 cube to v 2. Also u q u4 q u7 s u2 q u5 q u8 s 0. Therefore,
Ž . Ž .  4 74  2 5 84since x 3GR s 0, we see that D 3G s 7 u, u , u or 7 u , u , u .0 0
Ž .For the 21-dimensional representations of 3.U 2 .3, we have6
21 < < 16 5 < < 13 8q F 2 A q q q q 2 B q q qŽ . Ž .0 0
112 9 11 5< < < <q 2C q q q q 3 A q q 2 qŽ . Ž .0 02
1 1 1 19 6 7 5 4 3< < < < < < < <q 3B q q 2 q q 3C q q 5 A q q 4q q 7A 7qŽ . Ž .0 0 0 02 2 2 2
1 12 11 10< < < <q 11 A B 10q q q q 3D q q qŽ . Ž .0 0 02 2
1 10 6 5< <q 3E q q q q qŽ .02
1 19 7 5 7< < < <q 3F q q q q q q 3G 3qŽ .0 02 2
s 693 q16 q q5 q 62,370 q13 q q8 q 249,4800 q12 q q9Ž . Ž . Ž .
q 59,136 q11 q 2 q5 q 98,560 q9 q 2 q6 q 7,096,320q7Ž . Ž .
q 153,280,512 q5 q 4q4Ž .
q 4,598,415,360q3 q 836,075,520 10q2 q q q 336 q11 q q10Ž . Ž .
q 29,568 q10 q q6 q q5 q 1,182,720 q9 q q7 q q5Ž . Ž .
q 27,371,520q7,
which implies that q - 5.
Ž .The conjugate 21-dimensional representations fuse on 3.U 2 .2. We6
42 32< Ž . <have q F 2 3.U 2 .2 q , which implies that q - 13, a contradiction.6
w x Ž . Ž . Ž .By 14 , the remaining possible representations of U 4 , U 3 , U 2 ,4 5 7
Ž . Ž .U 2 , and U 2 in Table VII are irreducible Weil representations. Con-8 9
sider the possibility that V is one of the irreducible Weil representations
Ž .of U 2 . These representation are the irreducible constituents of the7
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128-dimensional Weil representation corresponding to the embedding
1q14 Ž . Ž .72 .U 2 F GL p .7 2
Ž .First, we require some information about the conjugacy classes of U 2 .7
1 1Ž .Let J s , and let I be the n = n identity matrix, and let blankn0 1
spaces in our matrices represent a portion filled with zeroes. We write
Ž .diag B , B , . . . , B for the block-diagonal matrix with blocks1 2 l
B , B , . . . , B .1 2 l
Ž .LEMMA 4.9. Representati¤es with respect to a suitable basis of the
Ž .conjugacy classes of in¤olutions in Aut U 2 , together with the sizes of the7
classes, are gi¤en by Table VIII.
wProof. We can calculate the class sizes of inner elements using 16,
xSect. 2.6 , and the class sizes of outer involutions are determined in
w x1, Sect. 19.9 .
Ž .LEMMA 4.10. Representati¤es with respect to an orthonormal basis of
Ž .the conjugacy classes of order 3 elements in U 2 are gi¤en in Table IX. We7
denote a generator of FU by g .4
TABLE VIII
Ž .Conjugacy Classes of Involutions in Aut U 27
conjugacy class representative class name class size
Ž .diag J, I 2A 27095
Ž .diag J, J, I 2B 8939703
Ž .diag J, J, J, I 2C 107276401
outer involutions 2D 156930048
TABLE IX
Ž .Conjugacy Classes of Order 3 Elements in U 27
conjugacy class representative class name
Ž .diag g , g , g , 1, 1, 1, 1 3A
2 2 2Ž .diag g , g , g , 1, 1, 1, 1 3B
2Ž .diag g , g , 1, 1, 1, 1, 1 3C
2 2Ž .diag g , g , g , g , 1, 1, 1 3D
2 2 2Ž .diag g , g , g , g , g , g , 1 3E
Ž .diag g , g , g , g , g , g , 1 3F
2 2 2 2 2 2Ž .diag g , g , g , g , g , g , 1 3G
2 2Ž .diag g , g , g , g , g , g , g 3H
2 2 2 2 2Ž .diag g , g , g , g , g , g , g 3I
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w x Ž .Proof. By 16 , two elements of GU s are conjugate if, and only if,m
2Ž .they are conjugate in GL s .m
LEMMA 4.11. There is exactly one conjugacy class of order 5 elements in
Ž .U 2 .7
Proof. This follows from Sylow’s theorem since the multiplicity of 5 as
< Ž . <a divisor of U 2 is 1.7
LEMMA 4.12. The character ¤alues of the irreducible Weil representations
Ž .of U 2 on elements of orders 2, 3, and 5 are as gi¤en in Table X, where v7
denotes a primiti¤e third root of unity.
Proof. The results are obtained by application of the formula given in
Proposition 2.5.
Ž .LEMMA 4.13. The character ¤alues x g of the Weil representation of
Ž .degree 128 of U 2 on certain prime order elements are as gi¤en in Table XI.7
TABLE X
Ž .Irreducible Weil Characters of U 27
conjugacy class j j j0 1 2
1A 42 43 43
2A y22 y21 y21
2B 10 11 11
2C y6 y5 y5
23A y3 3v y 5 3v y 5
23B y3 3v y 5 3v y 5
3C 12 10 10
3D 0 4 4
3E 6 y2 y2
23F y21 1 y 21v 1 y 21v
23G y21 1 y 21v 1 y 21v
23H 9 1 q 12v 1 q 12v
23I 9 1 q 12v 1 q 12v
5A 2 3 3
TABLE XI
Ž .Fixed Spaces of Some Prime Order Elements in U 27
Ž . Ž .Class of g x g D g
 443X y1 2V, V
 411X y4 8V, 4V
 47X 2 18V, 1, 1
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Ž .Proof. From Proposition 2.3, we know the character x g of the
Ž .128-dimensional Weil representation of U 2 .7
We can use Table XI to obtain bounds for the dimensions of the
eigenspaces of elements of prime order greater than 5 on the irreducible
Weil representations. Upper bounds for the dimensions of the eigenspaces
of these elements on the irreducible Weil representations are given by the
Ž .largest multiplicities with which elements appear in the sets D g in Table
XI. For example, for the 42-dimensional representation, we may take
elements of order 7 to have eigenspaces of dimensions 20, 18, and 4, and
so on. This will give us an upper bound for the sum of the sizes of the
eigenspaces we are counting in our estimate for p.
Ž . Ž .LEMMA 4.14. Let g be an outer automorphism in U 2 .2. Then r g F 5.7
Proof. We make use of the class algebra constants, which are defined
w x Ž .in 9, Sect. 28 . Let g be an outer involution in U 2 . From the character5
Ž . w xtable of U 2 in 2 , we have a ) 0 and a ) 0. Hence we5 2C , 2C , 11 A 2C , 2C , 15 A
Ž . Ž .can find conjugates g and g of g such that o gg s 11 and o gg s 15.1 2 1 2
Ž . w xUsing the list of maximal subgroups of U 2 .2 contained in 2 , we see that5
Ž .no maximal subgroup of U 2 .2 contains elements of orders 15 and 11.5
² : Ž .Therefore g, g , g s U 2 .2.1 2 5
Ž . Ž .In view of the chain of maximal subgroups GU 2 .2 F SU 2 .2 F5 6
Ž .U 2 .2, the result follows.7
LEMMA 4.15. Suppose that the hypotheses of Theorem 4.1 hold. Then
Ž .L (u U 2 .7
Proof. Suppose that V is the 42-dimensional Weil representation. Let
Ž .g be an element of prime order in U 2 . First assume that g is not in7
Ž .either of the cases 2A or 2D. If o g F 5, we can calculate the eigenvalues
of g from the Weil characters given in Lemma 4.12, and we see that no
such element has an eigenspace of dimension greater than 26. If g has
order at least 7, by Lemma 4.13, g has no eigenspaces of dimension
greater than 20. If g is in the class 2A, then the eigenspaces of g have
dimensions 32 and 10. From Proposition 2.6, we know that the contribu-
tion to the inequality of Theorem 2.8 from each outer involution g is at
Ž .n 1y1rr gŽ .? @most q . Therefore, for the 42-dimensional Weil representation
Ž .of U 2 , by Theorem 2.8, we have7
42 42 1y1r5 32 26Ž .? @< < < <q F 2D q q 2A q q 2 U 2 qŽ .7
33 32 27- 156,930,048q q 131,480q q 2 U 2 q ,Ž .7
which implies that q - 10, a contradiction.
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Similarly, for the 43-dimensional representations,
43 32 27< <q - 2A q q 2 U 2 qŽ .7
again gives a contradiction. The conjugate 43-dimensional representations
Ž . 84 < Ž . < 64fuse on U 2 .2, and, in the t s 2 case, q F 2. U 2 .2 q also gives a7 7
contradiction.
LEMMA 4.16. Suppose that the hypotheses of Theorem 4.1 hold. Then
Ž . Ž . Ž . Ž .L (u U 2 , U 2 , U 4 , or U 3 .8 9 4 5
Ž .Proof. The argument is very similar to that given for U 2 in the7
w xprevious lemmas. For full details, we refer the reader to 6 .
5. REGULAR ORBITS OR SYMPLECTIC GROUPS
In this section, we prove the following result:
Ž . Ž .THEOREM 5.1. Suppose that hypotheses 1 and 2 of Theorem 1 hold
Ž . Ž . < Ž . <and that L ( PSp s . Then L ( Sp 2 , and either Z H s 1 and n s 7,2 m 6
< Ž . <in which case p F 79, or Z H s 2, n s 8, and p s 11.
Note that in the statement of Theorem 5.1 we are excluding several
cases, which have already been considered in earlier sections. In particular,
Ž . Ž . Ž .we have not included the cases L ( PSp s ( L s and L ( PSp 3 (2 2 4
Ž .U 2 .4
Ž .LEMMA 5.2. If L ( PSp s , then L and nrt are as in Table XII.2 m
Ž .Proof. Suppose that L ( PSp s . Proposition 2.1 gives bounds for2 m
Ž . Ž . w xr L , and bounds for R L are given in 13 . Also, for odd s, lists of thep
minimal degrees of irreducible complex representations of L are given in
w x14 . Application of Proposition 2.7 eliminates the possibilities not con-
tained in Table XII.
Ž .LEMMA 5.3. L (u Sp 4 .4
Ž .Proof. Suppose that L ( Sp 4 . By Lemma 5.2, nrt s 18 or 34. We4
Ž .apply Theorem 2.8, making use of the character table of Sp 4 in the4
Atlas.
Ž .For the 34-dimensional representations of Sp 4 .2, no prime order4
element fixes an eigenspace of dimension greater than 22. Thus we have
12 < Ž . <q F 2. Sp 4 .4, which implies that q - 4, another contradiction.4
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TABLE XII
Reduced List of Possibilities for a Symplectic Group
with No Regular Orbit
L nrt
Ž .PSp 4 18, 344
Ž .PSp 5 12, 13, 404
Ž .PSp 7 24, 254
Ž .PSp 9 40, 414
Ž .PSp 11 60, 614
Ž .PSp 2 7, 8, 15, 21, 27, 356
Ž .PSp 3 13, 146
Ž .PSp 5 62, 636
Ž .PSp 2 35, 51, 858
Ž .PSp 3 40, 418
Ž .PSp 3 121, 12210
Ž .PSp 3 364, 46512
Ž .For the 18-dimensional representations of Aut Sp 4 , we have4
18 12 6 10 8 6 9< < < < < <q F 2AB q q q q 2C q q q q Sp 4 3q q 2D 2 qŽ .Ž . Ž . 4
s 510 q12 q q6 q 3825 q10 q q8 q 2,937,600q6 q 2720q9 ,Ž . Ž .
which implies that q - 7, again a contradiction.
Ž . < Ž . <LEMMA 5.4. If L ( Sp 2 , then either Z H s 1, n s 7, and p F 796
< Ž . <or Z H s 2, n s 8, and p s 11.
Ž .Proof. Suppose that L ( Sp 2 . For n s 35, no eigenspace of a prime6
Ž .order element of Sp 2 has dimension greater than n y 10, which gives6
10 < Ž . <q F 2. Sp 2 , which implies that q - 5, a contradiction.6
For n s 21 or 27, the largest eigenspace of a prime order element of
Ž .Sp 2 corresponds to 2A elements and has dimension n y 5 or n y 6. The6
next largest eigenspace has dimension at most n y 8. Thus, in these cases,
n ny5 ny8 ny5 ny8< <q F 2 A q q 2 Sp 2 q b s 63q q 2,903,040q ,Ž .6
which implies that q - 7, another contradiction.
For n s 15, we obtain
15 10 5 11 4 9 6 8< < < < < <q F 2 A q q q q 2 B q q q q 2C q q q q 2 Sp 2 qŽ .Ž . Ž . Ž . 6
s 63 q10 q q5 q 315 q11 q q4 q 945 q9 q q6 q 2,903,040q8 ,Ž . Ž . Ž .
which implies that q - 11, again a contradiction.
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Ž .For the seven-dimensional representation of Sp 2 , we have6
7 < < 6 < < 4 3 < < 5 2 < < 4 3q F 2A q q q q 2B q q q q 2C q q q q 2D q q qŽ . Ž . Ž . Ž .
1
1 15 3 3 2< < < < < <q 3A q q 2 q q 3B 2 q q q q 3C q q 2 qŽ . Ž . Ž .2 22
1 13< < < <q 5A q q 4q q 7A 7qŽ .2 2
s 63 q6 q q q 315 q4 q q3 q 945 q5 q q2Ž . Ž . Ž .
q 3780 q4 q q3 q 336 q5 q 2 qŽ . Ž .
q 1120 2 q3 q q q 6720 q3 q 2 q2Ž . Ž .
q 24,192 q3 q 4q q 725,760q ,Ž .
which implies that q - 80, and hence p F 79.
Ž .For the eight dimensional representation of 2.Sp 2 , we have6
1 1 18 4 4 3 2< < < < < <q F 2A B C D 2 q q 3A 2 q q 3B 2 q q qŽ .0 0 0 0 0 02 2 2
1 1 14 2 2 2< < < < < <q 3C q q 2 q q 5A 4q q 7A q q 6qŽ . Ž .0 0 02 2 2
s 10,206q4 q 672 q4 q 1120 2 q3 q q2 q 6720 q4 q 2 q2Ž . Ž .
q 96,768q2 q 103,680 q2 q 6q ,Ž .
which implies that q - 12, and hence p s 11.
Ž .LEMMA 5.5. L (u Sp 2 .8
Ž .Proof. Suppose that L ( Sp 2 . Observe from the Atlas character8
Ž .table that, for n s 51 or 85, no prime order element of Sp 2 has an8
eigenspace of dimension greater than n y 15. Hence we obtain q15 F
< Ž . <2. Sp 2 , which implies that q - 6, another contradiction.8
For n s 35, we obtain
35 28 23< <q F 2A q q 2 Sp 2 qŽ .8
s 255q28 q 94,755,225,600q23 ,
Ž .which implies that q - 9, again a contradiction. Hence L (u Sp 2 .8
Ž .LEMMA 5.6. L (u PSp 5 .4
Ž .Proof. Suppose that L ( PSp 5 . For the 40-dimensional representa-4
Ž .tions of PSp 5 .2, the largest dimension of an eigenspace of a prime order4
14 < Ž . <element is 26, which gives q F 2. PSp 5 .2, and hence q - 5.4
DOMINIC P. M. GOODWIN460
Ž .For the 13-dimensional representations of PSp 5 ,4
113 9 4 7 6 5 4< < < < < <q F 2A q q q q 2B q q q q 3A q q 2 qŽ . Ž . Ž .2
1 1 15 3 5 3 3< < < < < <q 3B 2 q q q q 5AB 2 q q q q 5C 4q q qŽ . Ž . Ž .2 2 2
1 1 15 2 3 2< < < < < <q 5D Q q 4q q 3EF 3q q 2 q q 13ABC 13qŽ . Ž .2 2 2
s 325 q9 q q4 q 9750 q7 q q6 q 6500 q5 q 2 q4Ž . Ž . Ž .
q 6500 2 q5 q q3 q 312 2 q5 q q3 q 3120 4q3 q qŽ . Ž . Ž .
q 4680 q5 q 4q2 q 187,200 3q3 q 2 q2 q 7,020,000q ,Ž . Ž .
which implies that q - 6, a contradiction.
Ž . 26 < < 18These representations fuse on PSp 5 .2, and we have q F 2A q q4
< Ž . < 142 PSp 5 .2 q , which implies that q - 7, a contradiction.4
Ž .For the 12-dimensional representations of 2.PSp 5 , we have4
1 1 112 6 3 5 2< < < < < <q F 2A B 2 q q 3A 4q q 3B 2 q q qŽ .0 0 0 02 2 2
1 1 15 2 3 4 2< < < < < <q 5A B 2 q q q q 5C 4q q 5D q q 4qŽ . Ž .0 0 0 02 2 2
1 13 2< < < <q 5E F 2 q q 3q q 13A B C 12 qŽ .0 0 0 0 02 2
s 20,150q6 q 26,000q3 q 6500 2 q5 q q2Ž .
q 312 2 q5 q q2 q 12,480q3Ž .
q 4680 q4 q 4q2 q 187,200 2 q3 q 3q2 q 12,960,000q ,Ž . Ž .
which implies that q - 6, another contradiction.
Ž . 24These representations fuse on 2.PSp 5 .2, and we have q F4
13< Ž . <2. 2.PSp 5 .2 q , which implies that q - 5, a contradiction.4
Ž .LEMMA 5.7. L (u PSp 3 .6
Ž .Proof. Suppose that L ( PSp 3 . For the 13-dimensional representa-6
Ž .tions of PSp 3 ,6
13 < < 8 5 < < 7 6q F 2A q q q q 2B q q qŽ . Ž .
1 19 4 6< < < <q 3AB q q q q 3C 2 q q qŽ . Ž .2 2
1 1 17 3 6 4 3 5 4< < < < < <q 3D q q 2 q q 3EF q q q q q q 3G q q 2 qŽ . Ž . Ž .2 2 2
1 1 13 2< < < < < <q 5A 4q q q q 7A 6q q q q 13AB 13qŽ . Ž .2 2 2
s 7371 q8 q q5 q 189,540 q7 q q6Ž . Ž .
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q 364 q9 q q4 q 10,920 2 q6 q qŽ . Ž .
q 21,840 q7 q 2 q3 q 262,080 q6 q q4 q q3Ž . Ž .
q 2,358,720 q5 q 2 q4 q 19,105,632 4q3 q qŽ . Ž .
q 163,762,560 6q2 q q q 4,585,351,680q ,Ž .
which implies that q - 9, a contradiction.
Ž .These representations fuse on PSp 3 .2, and, in the t s 2 case, we have6
26 < Ž . < 16q F 2 PSp 3 .2 q , which implies that q - 11, a contradiction.6
Ž .For the 14-dimensional representations of 2.PSp 3 , we have6
114 10 4 7< < < <q F 2A q q q q 2B 2 qŽ .0 02
1 19 5 6 2< < < <q 3A B q q q q 3C 2 q q qŽ . Ž .0 0 02 2
1 18 3 6 5 3< < < <q 3D q q 2 q q 3E F q q q q qŽ . Ž .0 0 02 2
1 6 4< <q 3G q q 2 qŽ .02
1 1 13 2 2 2< < < < < <q 5A 4q q q q 7A 7q q 13A B q q 12 qŽ . Ž .0 0 0 02 2 2
s 7371 q10 q q4 q 379,080q7 q 364 q9 q q5 q 10,920 2 q6 q q2Ž . Ž . Ž .
q 21,840 q8 q 2 q3 q 262,080 q6 q q5 q q3Ž . Ž .
q 2,358,720 q6 q 2 q4Ž .
q 19,105,632 4q3 q q2 q 1,146,337,920q2Ž .
q 352,719,360 q2 q 12 q ,Ž .
which implies that q - 10.
Ž . 28 20These representations fuse on 2.PSp 3 .2, and q F 7371q q6
16< Ž . < Ž .2 2.PSp 3 .2 q , which implies that q - 10. Therefore L ( PSp 3 .6 6
Ž .Suppose that L ( PSp 3 . In this case, there are only two possible8
w xvalues of nrt, and, by 14 , these values correspond to the cases where V is
an irreducible Weil representation.
Ž .The group Sp 3 has two conjugate Weil characters of degree 41 and8
two conjugate Weil characters of degrees 40. These representations are
the irreducible constituents of 81-dimensional representations correspond-
1q8 Ž . Ž .4ing to the embedding 3 .Sp 3 F GL p . We prove that, under the8 3
Ž .hypotheses of Theorem 5.1, L (u PS 3 in the following lemmas. Wep8
Ž .calculate the Weil characters of Sp 3 by considering their restrictions to8
Ž . Ž .subgroups of the form Sp 3 = Sp 3 , where m q m s 4.2 m 2 m 1 21 2
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Notation. We denote an irreducible character of degree n by c . In then
following arguments where we do this, the character is always uniquely
determined by its degree up to conjugacy, which does not affect the
dimensions of the corresponding eigenspaces, so for our purposes this
notation is well defined.
Ž .LEMMA 5.8. The irreducible Weil characters of Sp 3 restrict to the8
Ž . Ž . Ž . Ž .subgroups Sp 3 = Sp 3 and Sp 3 = Sp 3 as follows:6 2 4 4
c xSp 3 = Sp 3 s c m c q c m c ,Ž . Ž . Ž . Ž .40 6 2 13 2 14 1
c xSp 3 = Sp 3 s c m c q c m c ,Ž . Ž . Ž . Ž .41 6 2 14 2 13 1
c xSp 3 = Sp 3 s c m c q c m c ,Ž . Ž . Ž . Ž .40 4 4 5 4 4 5
c xSp 3 = Sp 3 s c m c q c m c .Ž . Ž . Ž . Ž .41 4 4 5 5 4 4
Ž .In the case of Sp 3 , c s x and c s x , where the x ’s are gi¤en in2 1 3 2 5 i
Table XIII.
1q8 Ž .Proof. The extraspecial group 3 embeds irreducibly in GL p81
wŽ . x 1q8 Ž . Ž w x.p, 3 s 1 with normalizer 3 .Sp 3 see 10, Sect. 4.6 . An irreducible8
1q8 Ž .81-dimensional representation of 3 .Sp 3 restricts to the subgroup8
1q4 1q4 Ž Ž . Ž ..3 (3 . Sp 3 = Sp 3 as the tensor product of two nine-dimensional4 4
1q4 Ž .representations of 3 .Sp 3 . Each of these nine-dimensional representa-4
tions restricts as the sum of irreducible representations of dimension 5 and
Ž . Ž . Ž . Ž . Ž .4 on Sp 3 . Therefore V xSp 3 = Sp 3 s 5 q 4 m 5 q 4 s 25 q4 81 4 4
Ž .20 q 20 q 16. Hence the 41- and 40-dimensional representations of Sp 38
Ž . Ž . Ž . Ž .restrict to Sp 3 = Sp 3 as 25 q 16 s 5 m 5 q 4 m 4 and 20 q 20 s4 4
Ž . Ž .4 m 5 q 5 m 4 , respectively.
1q8 Ž .Each of the 81-dimensional representations of 3 .Sp 3 restricts to8
1q2 1q6 Ž Ž . Ž ..the subgroup 3 (3 . Sp 3 = Sp 3 as the tensor product of a2 6
1q2 Ž .three-dimensional representation of 3 .Sp 3 and a 27-dimensional2
TABLE XIII
Ž .Character Table of Sp 32
1A 2A 3A 3B 4A 6A 6B
24 24 6 6 4 6 6
x 1 1 1 1 1 1 11
2 2x 1 1 v v 1 v v2
2 2x 1 1 v v 1 v v3
x 2 y2 y1 y1 0 1 14
2 2x 2 y2 yv yv 0 v v5
2 2x 2 y2 yv yv 0 v v6
x 3 3 0 0 y1 0 07
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1q6 Ž .representation of 3 .Sp 3 . The three-dimensional representations of6
1q2 Ž . Ž .3 .Sp 3 restrict to Sp 3 as the sum of irreducible representations of2 2
1q6 Ž .dimension 2 and 1. The 27-dimensional representations of 3 .Sp 36
Ž .restrict to Sp 3 as the sum of irreducible representations of dimensions6
14 and 13.
Ž . Ž . Ž . Ž .Therefore V xSp 3 = Sp 3 s 2 q 1 m 14 q 13 s 28 q 26 q81 2 6
14 q 13. Hence, for the 41- and 40-dimensional representations of
Ž . Ž . Ž . Ž . Ž .Sp 3 , V xSp 3 = Sp 3 s 28 q 13 s 2 m 14 q 1 m 13 and V x8 41 2 6 40
Ž . Ž . Ž . Ž .Sp 3 = Sp 3 s 26 q 14 s 2 m 13 q 1 m 14 .2 6
1q2 Ž .An irreducible three-dimensional character of 3 .Sp 3 restricts to2
Ž . < Ž .Sp 3 as the sum of irreducible characters c and c , where c g q2 1 2 1
Ž . < 2 < Ž . <c g s C g by Proposition 2.2. We may take the degree of c to2 V Ž3. i2
be i.
Ž . Ž . w xThe character table of Sp 3 ( SL 3 is given in 9, p. 404 . It is the2 2
only character table that we make use of that is not in the Atlas, so for
convenience we reproduce it in Table XIII. In the remainder of the proof,
v s exp2p i r3.
Ž .Representatives of the conjugacy classes of Sp 3 are as follows;2
1A 2A 3A 3B
1 0 y1 0 1 1 1 y1ž / ž / ž / ž /0 1 0 y1 0 1 0 1
4A 6A 6B
0 1 y1 1 y1 y1ž / ž / ž /y1 0 0 y1 0 y1
There are several different characters of degrees 1 and 2, so we must
identify which of these characters c and c may be. We consider the el-1 2
1 1 2Ž . Ž . < Ž . Ž . < < Ž . <ement J s of Sp 3 . We have c J q c J s C J s 3.2 1 2 V Ž3.0 1 2
'< Ž . < Ž .First suppose c s x . Then 1 q c J s 3 . Hence c J s yv or1 1 2 2
yv 2, and c is either x or x . Similarly, if c s x , then c s x or x .2 5 6 1 2 2 4 6
If c s x , then c s x or x .1 3 2 4 5
We decide which of these possibilities are genuine by considering the
character values of one of the 13-dimensional irreducible representations
Ž . Ž . Ž .of Sp 3 . This representation restricts to the subgroup Sp 3 = Sp 3 of6 2 4
Ž . Ž . Ž .Sp 3 as 2 m 4 q 1 m 5 .6
Ž . Ž .The element diag J, I belonging to the class 3A of Sp 3 is con-4 6
Ž . Ž . Ž .tained in the subgroup Sp 3 = Sp 3 . We have x 3A s y9v y 5 s2 4 13
2 Ž Ž .. Ž Ž .. Ž5v y 4v s 4 c J q 5 c J . Hence c s x and c s x . Note we2 1 1 3 2 5
could equally well have chosen the other conjugate 13-dimensional repre-
Ž . 2sentation of Sp 3 with character value 5v y 4v , in which case we would6
have obtained the characters of the irreducible constituents of the alterna-
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tive conjugate three dimensional representation, namely c s x and1 2
.c s x .2 6
Ž . ŽLEMMA 5.9. Pre-images in Sp 3 of representati¤es with respect to a8
.suitable basis of the conjugacy classes of elements of orders 2 and 3 in
Ž .PSp 3 are gi¤en in Table XIV.8
Let
1 0 00 1 1 y1K s , J 9 s , L s .1 1 0ž / ž /y1 0 0 1 ž /0 1 1
Proof. We can find class representatives in block-diagonal form. For
elements of order 2, the blocks have size at most 2, and for elements of
w xorder 3, the blocks have size at most 3. By 16 , two elements are conjugate
Ž . Ž .in Sp s if, and only if, they are conjugate in GL s and the Hermitian2 m 2 m
invariants of the two elements associated with the elementary divisors
2 i 2 iŽ . Ž .x q 1 and x y 1 , respectively, are equivalent.
Ž .LEMMA 5.10. In PSp 3 , the conjugacy class 2A has class size 1,195,560,8
the conjugacy class 2B has class size 97,916,364, and the conjugacy classes
3A and 3B each ha¤e class size 32,640.
w xProof. We calculate the class sizes using 16, Sect. 2.6 .
Ž .LEMMA 5.11. The ¤alues of the irreducible Weil characters of Sp 3 on8
Ž .prime order elements not of order 41 and the dimensions of the correspond-
Žing eigenspaces are gi¤en in Table XV. We tabulate the character ¤alue for
TABLE XIV
Ž .Conjugacy Classes of Elements of orders 2 and 3 in PSp 38
conjugacy class representative class name
Ž .diag yI , I 2A2 6
Ž .diag yI , I 2B4 4
Ž .diag K, K, K, K 2C
Ž .diag J, I 3A6
Ž .diag J9, I 3B6
Ž .diag J, J, I 3C4
Ž .diag J, J9, I 3D4
Ž .diag J, J, J, I 3E2
Ž .diag J, J, J9, I 3F2
Ž .diag J, J, J, J 3G
Ž .diag J, J, J, J9 3H
Ž .diag L , L , I 3I2
Ž .diag L , L , J 3J
Ž .diag L , L , J9 3K
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TABLE XV
Ž .Weil Characters and Eigenspaces of Some Elements in Sp 38
Ž . Ž .Class name c nX dim e.s. c c nX dim e.s. c40 40 41 41
2A y12 26, 14 y15 28, 13
2B 0 20, 20 9 25, 16
2C 0 20, 20 1 21, 20
2 23A 27v q 13 27, 13 27v q 14 27, 14
3B 27v q 13 27, 13 27v q 14 27, 14
3C y14 18, 18, 4 y13 18, 18, 5
3D 13 22, 9, 9 14 23, 9, 9
2 23E 9v q 4 18, 13, 9 9v q 5 18, 14, 9
3F 9v q 4 18, 13, 9 9v q 5 18, 14, 9
3G 4 16, 12, 12 5 17, 12, 12
3H y5 15, 15, 10 y4 15, 15, 11
3I 4 16, 12, 12 5 17, 12, 12
2 23J 3v q 1 15, 13, 12 3v q 2 15, 14, 12
3K 3v q 1 15, 13, 12 3v q 2 15, 14, 12
5A y5 9, 9, 9, 9, 4 y4 9, 9, 9, 9, 5
5B 0 8, 8, 8, 8, 8 1 9, 8, 8, 8, 8
7A y2 6, 6, 6, 6, 6, 6, 4 y1 6, 6, 6, 6, 6, 6, 5
12 1213X 1 4, 3 2 5, 3
Ž .just one of the classes lying abo¤e a class of prime order elements in PSp 3 ,8
Ž . .and label the classes with the name of the class of the image in PSp 3 .8
Notation. We refer to an element g = g in the direct product K =1 2 1
K are being in the class m X = m X , where m X is the class of g2 1 1 2 2 i i i
in K .i
Ž . Ž .Proof. An element g in Sp 3 lying above the class 2A in PSp 3 can8 8
Ž . Ž .be found in a subgroup Sp 3 = Sp 3 in the class 2A = 1A. Therefore2 6
Ž . Ž . Ž . Ž . Ž .c g s c 2A .c 1A q c 2A .c 1A s y2.13 q 1.14 s y12. Simi-40 2 13 1 14
Ž .larly, c g s 1.13 y 2.14 s y15.41
Note that for elements of orders 2 and 3 the character values can be
Ž . Ž .verified by considering g as an element of Sp 3 = Sp 3 . For example, in4 4
Ž . Ž . Ž . Ž . Ž .this case, c g s c 2A .c 1A q c 2A .c 1A s 0.5 q 4.y 3 s y12.40 4 5 4 4
Ž .In the remainder of the proof, we will refer to elements in Sp 3 by the8
Ž .names of the classes of their images in PSp 3 .8
Ž . Ž .A 2B element can be found in a subgroup Sp 3 = Sp 3 in the2 6
Ž . Ž . Ž . Ž . Ž .class 2A = 2A. We have c 2B s c 2A .c 2A q c 2A .c 2A s40 2 13 1 14
Ž .y2.y 3 q 1.y 6 s 0 and c 2B s y2.y 6 q 1.y 3 s 9.41
Ž . Ž .A 2C element is in the class 2B = 2B in a subgroup Sp 3 = Sp 3 . We4 4
Ž . Ž . Ž . Ž . Ž .2 Ž .2have c 2C s 2.c 2B c 2B s 0 and c 2C s c 2B q c 2B s 1.40 4 5 41 5 4
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Ž . Ž .A 3A element is in the class 3A = 1A in a subgroup Sp 3 = Sp 3 .2 6
Ž . Ž . Ž . Ž . Ž .We have c 3A s c 3A .c 1A q c 3A .c 1A s yv .13 q40 2 13 1 14
2 2 Ž . 2 2v .14 s 27v q 13 and c 3A s yv.14 q v .13 s 27v q 14.41
Ž . Ž .A 3B element lies in the class 3B = 1A in Sp 3 = Sp 3 . Since 3A and2 6
Ž .3B elements in Sp 3 have conjugate character values, 3A and 3B ele-2
Ž .ments in Sp 3 have conjugate character values for the characters of8
Ž . Ž .degrees 40 and 41. Therefore c 3B s 27v q 13 and c 3B s 27v q 14.40 41
The remaining calculations are similar, and are given more briefly. We
Ž . Ž .have c 3C s 5.y 2 q 4.y 1 s y14 and c 3C s 4.y 2 q 5.y 1 s40 41
Ž . Ž . Ž .y13; c 3D s 5.1 q 4.2 s 13 and c 3D s 4.1 q 5.2 s 14; c 3E s40 41 40
Ž . Ž . Ž . Ž . Ž 2 . 2 2c 3E .c 1A q c 3E .c 1A s 2 3v q 1 q 3v q 2 s 9v q 413 2 14 1
Ž . 2 Ž 2 . 2and c 3E s 3v q 1 q 2 3v q 2 s 9v q 5. The character values of41
c and c on 3F are conjugate to the values on 3E.40 41
Ž . Ž . Ž . Ž . Ž .2We have c 3G s 2c 3C c 3C s 4 and c 3G s c 3C q40 5 4 41 5
Ž .2 Ž . Ž . Ž . Ž . Ž .c 3C s 5; c 3H s c 3C .c 3D q c 3C .c 3D s y1.1 q y 2.24 40 5 4 4 5
Ž . Ž . Ž . Ž . Ž .s y5 and c 3H s c 3C . c 3D q c 3C c 3D s y1.2 q y 2.1 s41 5 5 4 4
Ž . Ž . Ž . Ž . Ž .y4; c 3I s c 1A .c 3G q c 1A .c 3G s 2.1 q 1.2 s 4 and40 2 13 1 14
Ž . Ž . Ž . Ž . Ž . Ž .c 3I s 1.1 q 2.2 s 5; c 3J s c 3A c 3G q c 3A c 3G s41 40 2 13 1 14
2 2 Ž . 2 2yv.1 q v .2 s 3v q 1 and c 3J s v y 2v s 3v q 2. The charac-41
ter values of 3K are obtained from these values by conjugation.
Ž . Ž . Ž . Ž . Ž .We have c 5A s c 5A c 1A q c 1A c 5A s 0.4 q 5.y 1 s y540 5 4 5 4
Ž . Ž . Ž . Ž .and c 5A s 5.0 q y 1.4 s y4; c 5B s 2c 5A c 5A s 0 and41 40 5 4
Ž . Ž .2 Ž .2 Ž . Ž . Ž .c 5B s c 5A q c 5A s 1; c 7A s 2c 7A q c 7A s y241 5 4 40 13 14
Ž . Ž . Ž . Ž .and c 7A s y1; c 13X s 2c 13X q c 13X s 2.0 q 1 s 1 and41 40 13 14
Ž .c 13X s 2.41
Ž .LEMMA 5.12. Elements in Sp 3 of order 41 ha¤e no eigenspaces of8
dimension greater than 2 on the irreducible Weil representations.
Proof. This follows from Proposition 2.2 since elements of order 41 are
irreducible.
LEMMA 5.13. Suppose that the hypotheses of Theorem 5.1 hold. Then
Ž .L (u PSp 3 .8
Ž .Proof. For the conjugate 40-dimensional representations of Sp 3 , we8
have
40 < < 27 < < 26 < < 22q F 3AB q q 2A q q 2 2.PSp 3 .2 qŽ .8
27 26 22s 13,120q q 1,195,560q q 8 PSp 3 q ,Ž .8
which implies that q - 11, a contradiction.
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Ž .These representations fuse on Sp 3 .2, and, in the t s 2 case, we have8
80 54 40< <q F 2 2.PSp 3 q q 2DE q q 1 q ,Ž . Ž .8
which again is a contradiction.
Ž .For the 41-dimensional representations of PSp 3 ,8
41 < < 28 < < 27 < < 25 < < 23q F 2A q q 3AB q q 2B q q 2 PSp 3 .2 qŽ .8
also gives us a contradiction.
We can obtain a contradiction in a similar manner under the assumption
Ž . Ž . Ž . Ž .that L is isomorphic to any of PSp 3 , PSp 3 , PSp 5 , PSp 7 ,10 12 6 4
Ž . Ž .PSp 9 , or PSp 11 . For the details of these calculations, we refer the4 4
w xreader to 6 .
6. REGULAR ORBITS OF ORTHOGONAL GROUPS
In this section, we prove the following result:
Ž . Ž .THEOREM 6.1. Suppose that hypotheses 1 and 2 of Theorem 1 hold
Ž . qŽ . < Ž .and that HrZ H s L is an orthogonal group. Then L ( V 2 , Z H B s8
2, n s 8, and p F 271.
Also in Proposition 6.5, we prove a result concerning vectors whose
stabilizers are elementary abelian 2-groups in eight-dimensional represen-
qŽ .tations of double covers of V 2 , as the calculation involved is very8
similar to a calculation in the proof of our main result. This result is used
w x Ž w x.in the proof of Proposition 3 of 5 see 5, Introduction .
Ž . "Ž .LEMMA 6.2. L is isomorphic to either V 3 or V 2 .7 8
Ž .Proof. Application of Proposition 2.7 using the bounds for R L given
Ž . w xin Proposition 2.1 and bounds for R L in 13 gives us a contradictionp
"Ž . Ž .unless L is isomorphic to V 3 or V 2 .7 8
Ž .LEMMA 6.3. L (u V 3 .7
Ž .Proof. Suppose that L ( V 3 . For nrt G 91, we have p F7
Ž < Ž . < .8r913.6. V 3 .2 - 10, a contradiction. For the remaining representations,7
Ž .we apply Theorem 2.8, making use of the Atlas character table of V 3 .7
Ž .In the 78-dimensional representations of V 3 .2, the largest eigenspace of7
22 < Ž . <an element of prime order is 56. Hence q F 2. V 3 .2 , which is another7
contradiction.
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Ž .For the 27-dimensional representations of 3.V 3 , we have7
27 < < 21 6 < < 17 10 < < 15 12q F 2A q q q q 2B q q q q 2C q q qŽ . Ž . Ž .0 0 0
15 6 9< <q 3B q q 2 q q 3 3.V 3 qŽ .Ž .0 7
s 351 q21 q q6 q 22,113 q17 q q10 q 331,695 q15 q q12Ž . Ž . Ž .
q 26,208 q15 q 2 q6 q 13,756,055,040q9 ,Ž .
which implies that q - 5, another contradiction.
Ž . 54 42These representations fuse on 3.V 3 .2, and q F 351q q7
34< Ž . <2 3.V 3 .2 q is another contradiction.7
qŽ . < Ž . <LEMMA 6.4. If L ( V 2 , then Z H s 2, n s 8, and p F 271.8
qŽ .Proof. Suppose that L ( V 2 . For nrt G 112, we have p F8
Ž < qŽ . < .9r1123.4. V 2 .6 - 7, which is a contradiction. Suppose t s 1. For the8
qŽ .28-, 35-, 50- and 84-dimensional representations of Aut V 2 , observe8
from the Atlas character table that elements in the class 2F have no
eigenspaces of dimension greater than n y 7, and all other elements of
prime order have on eigenspaces of dimension greater than n y 12. Hence
28 < < 21 < qŽ . < 16wee have q F 2F q q 2 V 2 .6 q , which implies that q - 7, a con-8
tradiction. In the t s 2 and 3 cases, we have similar contradictions.
qŽ .For the 56-dimensional representations of 2.V 2 .2, none of the ele-8
ment we are considering has an eigenspace of dimension greater than 35.
21 < qŽ . <Hence q F 2. 2.V 2 .2 , which is a contradiction.8
qŽ .For the eight-dimensional representations of 2.V 2 .2, we have8
8 < < 4 < < 6 22 q F 2A C D E 2 q q 2B q q qŽ .0 0 0 0 01
1 16 4< < < <q 3A q q 2 q q 3B C 2 qŽ .01 01 012 2
1 1 13 2 4 2 4< < < < < <q 3D 2 q q q q 3E q q 2 q q 5A q q 4qŽ . Ž . Ž .01 01 012 2 2
1 12 2< < < <q 5B C 4q q 7A q q 6qŽ .01 01 012 2
< < 7 < < 6 2q 2F q q q q 2G q q qŽ . Ž .01 01
s 6300 q 15,120 q 15,120 q 226,800 q4Ž .
q 7560 q6 q q2 q 2240 q6 q 2 qŽ . Ž .
q 8960q4 q 89,600 2 q3 q q2Ž .
q 268,800 q4 q 2 q2 q 580,608 q4 q 4qŽ . Ž .
q 4,644,864q2 q 24,883,200 q2 q 6qŽ .
q 240 q7 q q q 75,600 q6 q q2 ,Ž . Ž .
which implies that q - 276, and hence p F 271.
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w xWe now prove a result, which is necessary for the proof of 5, Prop. 3 .
Ž . Ž .PROPOSITION 6.5. Suppose that hypotheses 1 and 2 of Theorem 1 hold
qŽ .and that L ( V 2 . In addition, assume that there does not exist a ¤ector ¤8
whose stabilizer is an elementary abelian 2-group. Then p F 211.
Proof. By Lemma 6.4, we know that n s 8. Since we are assuming that
there does not exist a vector ¤ whose stabilizer is an elementary abelian
2-group,
V s C g .Ž .D V
ggGyK *
Ž .o g /2
w xArguing as in 5, Sect. 3 , we obtain a slightly different version of
Theorem 2.8. Instead of counting the contributions of eigenspaces of
involutions in the inequality of Theorem 2.8, we must count the contribu-
tions of eigenspaces of elements of order 4. As for elements of odd prime
order, for an element g of order 4, we need not count the contribution of
both g and gy1. Therefore
1 18 4 6 4< < < < < <2 q F 2C D 2 q q 3A q q 2 q q 3B C 2 qŽ .0 0 01 01 012 2
1 1 13 2 4 2 6 2< < < < < <q 3D 2 q q q q 3E q q 2 q q 4A q q qŽ . Ž . Ž .01 01 012 2 2
1 1 1 14 5 3 4 4< < < < < < < <q 4B 2 q q 4C q q q q 4F 2 q q 5A q q 4qŽ . Ž .0 01 0 012 2 2 2
1 1 12 2 6 2< < < < < <q 5B C 4q q 7A q q 6q q 4G q q qŽ . Ž .01 01 01 012 2 2
1 14 5 3< < < <q 4H J K 2 q q 4I q q qŽ .0 0 0 012 2
s 30,240q4 q 2240 q6 q 2 q q 8960q4Ž .
q 89,600 2 q3 q q2 q 268,800 q4 q 2 q2Ž . Ž .
q 37,800 q6 q q2 q 680,400q4Ž .
q 907,200 q5 q q3 q 5,443,200q4Ž .
q 580,608 q4 q 4q q 4,644,864q2Ž .
q 24,883,200 q2 q 6q q 45,360 q6 q q2Ž . Ž .
q 151,200 q 907,200 q 2,721,600 q4 q 453,600 q5 q q3 ,Ž . Ž .
which implies that q - 215, and hence p F 211.
yŽ .LEMMA 6.6. L (u V 2 .8
yŽ .Proof. Suppose that L ( V 2 . For nrt G 84, we have p F8
Ž < yŽ . < .9r843. V 2 .2 - 10, which is a contradiction.8
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yŽ .For the 34- and 51-dimensional representations of V 2 .2, the largest8
eigenspace of elements in the class 2D has dimension at most n y 7, and
no other element of prime order has an eigenspace of dimension greater
12 5 < yŽ . <than n y 12. Therefore q F 136q q 2. V 2 .2 , which implies that8
q - 7.
7. REGULAR ORBITS OF EXCEPTIONAL GROUPS
In this section, we prove that, under the hypotheses of Theorem 1, L is
not an exceptional group of Lie type.
Ž . Ž .THEOREM 7.1. Suppose that hypotheses 1 and 2 of Theorem 1 hold.
Ž .Then HrZ H s L is not an exceptional group of Lie type.
LEMMA 7.2. If L is an exceptional group of Lie type, then the possibilities
for L and nrt are listed in Table XVI.
Proof. This follows from applying Proposition 2.7, using the bounds for
Ž . Ž . w xr L given in Proposition 2.1 and bounds for R L in 13 .p
Ž .LEMMA 7.3. L (u G s .2
Ž .Proof. Suppose L ( G s . We apply Theorem 2.8, making use of the2
Ž . Ž .Atlas character tables of G 3 and G 4 . For the 12-dimensional repre-2 2
Ž .sentations of 2.G 4 .2, we have2
1 1 1 112 8 4 6 6 4< < < < < < < <q F 2A q q q q 2B 2 q q 3A 2 q q 3B 3qŽ .01 0 0 02 2 2 2
1 1 14 2 3 2< < < < < <q 5A B q q 4q q 5C D 4q q 7A 6qŽ .0 0 0 0 02 2 2
1 1 6< < < <q 13A B 12 q q 2C 2 q0 0 02 2
TABLE XVI
Reduced List of Possibilities for an Exception Group
with No Regular Orbit
L nrt
Ž .G 3 14, 272
Ž .G 4 122
2 Ž .B 8 14, 35, 40, 562
3 Ž .D 2 26, 524
2 Ž .F 2 9 26, 27, 524
Ž .F 2 524
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s 4095 q8 q q4 q 131,040q6 q 4160q6Ž .
q 2,096,640q4 q 838,656 q4 q 4q2Ž .
q 3,354,624q3 q 35,942,400q2 q 232,243,200q q 41,600q6 ,
which implies that q - 10, a contradiction.
Ž .For the 14-dimensional representations of G 3 .2, we have2
114 8 6 8 3< < < <q F 2A q q q q 3AB q q 2 qŽ . Ž .2
1 16 2 6 4< < < <q 3C 2 q q q q 3D q q 2 qŽ . Ž .2 2
1 1 15 4 2 2 7< < < < < < < <q 3E 2 q q q q 7A 7q q 13AB q q 12 q q 2B 2qŽ . Ž .2 2 2
s 7371 q8 q q6 q 728 q8 q 2 q3Ž . Ž .
q 2912 2 q6 q q2 q 13,104 q6 q 2 q4Ž . Ž .
q 13,104 2 q5 q q4 q2,122,848q2q326,592 q2 q 12 q q5616q7,Ž . Ž .
which implies that q - 5.
Ž .On the 27-dimensional representations of 3.G 3 , no element of prime2
order has an eigenspace of dimension greater than 15. Therefore q12 F
< Ž . <2. 3.G 3 , which implies that q - 5.2
2 Ž .LEMMA 7.4. L (u B 8 .2
2 Ž .Proof. Suppose L ( B 8 . For the 14-dimensional representations of2
2 Ž .B 8 .3, we have2
1 114 8 6 3 2 2< < < < < <q F 2A q q q q 5A 4q q q q 7ABC 7qŽ . Ž .4 6
1 12 5 4< < < <q 13ABC q q 12 q q 3A 2 q q qŽ . Ž .12 2
s 455 q8 q q6 q 728 4q3 q q2 q 14,560q2Ž . Ž .
q 280 q2 q 12 q q 728 2 q5 q q4 ,Ž . Ž .
which implies that q - 3, a contradiction.
2 Ž .In the 35-dimensional representations of B 8 , the 105-dimensional2
2 Ž .representations of B 8 .3, and the 40- and 56-dimensional representa-2
2 Ž .tions of 2. B 8 , no element of prime order has an eigenspace of dimen-2
16 < 2 Ž . <sion greater than n y 16, which gives q F 2. B 8 .2, another contradic-2
tion.
3 Ž .LEMMA 7.5. L (u D 2 .4
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3 Ž .Proof. Suppose L ( D 2 . For the 26-dimensional representations of4
3 Ž .D 2 .3, we have4
26 < < 16 10 < < 14 12q F 2A q q q q 2B q q qŽ . Ž .
< < 14 6 < 3 < 9q 3C q q 2 q q 3 D 2 .3 qŽ .Ž . 4
s 819 q16 q q10 q 68,796 q14 q q12Ž . Ž .
q 17,472 q14 q 2 q6 q 1,902,071,808q9 ,Ž .
which implies that q - 5, another contradiction.
3 Ž . 52 < 3 Ž . < 36For the 52-dimensional representations of D 2 .3, q F 2 D 2 .3 q4 4
again gives us a contradiction.
2 Ž .LEMMA 7.6. L (u F 2 9.4
2 Ž .Proof. Suppose L ( F 2 9. In the irreducible representations of di-4
mensions 26, 27, and 52, the largest dimension of an eigenspace of a prime
10 < 2 Ž . <order element is at most n y 10, which gives us q F 2. F 2 9 , and4
hence q - 6, a contradiction.
Ž .LEMMA 7.7. L (u F 2 .4
Ž .Proof. Suppose L ( F 2 . In the 52-dimensional representations of4
Ž .2.F 2 .2, the largest dimension of an eigenspace of a non-central prime4
16 < Ž . <order element is 36, from which we obtain q F 2 2.F 2 .2 , which implies4
that q - 11, a contradiction.
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